Rules for integrands involving error functions

1. J-Er‘-F[a+bx]"dlx

1: JEr‘-F[a+bx] dx

Reference: G&R 5.41

Derivation: Integration by parts

P _ 2b
Basis: Oy Erf[a + b x] == NPT
Rule:
(a+bx) Erf[a+bx] 2 a+bx (a+bx) Erf[a+bx] 1
jEr“F[a+bx] dx — - J dx — +
b ’71' e(a+bx)2 b b ,_71' e(a+bx)2

Program code:

Int[Erf[a_.+b_.*x_],x_Symbol] :=
(a+bxx) *Er'f[a+b*x]/b + 1/(b*Sql‘t[Pi]*E"(a+b*x)"2) /3
FreeQ[{a,b},x]

Int[Erfcla_.+b_.*x_],x_Symbol] :=
(a+bxx) xErfc[a+bxx] /b - 1/(b+Sqrt[Pi]+E~ (a+bxx)*2) /;
FreeQ[{a,b},x]

Int[Erfifa_.+b_.*x_],x_Symbol] :=
(a+bxx) xErfi[a+bxx] /b - E~(a+bxx)~2/(bxSqrt[Pi]) /;
FreeQ[{a,b},x]



Rules for integrands involving error functions

2: JEr‘f[a +bx]2dx

Derivation: Integration by parts

Basis: Oy Erf[a + b x]2 == 4bErflatbx]
X [ :I \/;@(a-bxﬁz

Rule:

a+bx) Erf[a+bx]? 4 a+bx) Erfla+bx
JEr-F[a+bx]2dlx—> 8+ (a+bxI” J( +0x) [a ]dlx

b v

e(a+h x) 2

Program code:

Int[Erf[a_.+b_.*x_]~2,x_Symbol] :=
(a+bxx) xErf [a+b*x] "Z/b -
4/sqrt[Pi]«Int[ (a+bxx) +Erf[a+bxx] /E* (a+b*x)~2,x] /;
FreeQ[{a,b},x]

Int[Erfcla_.+b_.xx_]"2,x_Symbol] :=
(a+bxx) *Erfc[a+bxx] "Z/b +
4/sqrt[Pi]«Int[ (a+bxx) +Erfc[a+bxx]/EA (a+bxx)~2,X] /;
FreeQ[{a,b},x]

Int[Erfif[a_.+b_.*x_]"2,x_Symbol] :=
(a+bxx) *Erfi[a+bxx] "Z/b -
4/sqrt[Pi]+Int[ (a+bxx) +E~ (a+bxx)~2+Erfi[a+bsx],Xx] /;
FreeQ[{a,b},x]



Rules for integrands involving error functions

uU: fEr-f[a+bx]"dlx whenn#1 A n#2

Rule:lf n +#1 A n # 2,then

Program code:

Int[Erf[a_.+b_.*x_]"n_,x_Symbol] :=
Unintegrable [Erf[a+bxx]"n,x]| /;
FreeQ[{a,b,n},x] &% NeQ[n,1] && NeQ[n,2]

Int[Erfc[a_.+b_.xx_]”n_,x_Symbol] :=
Unintegrable [Erfc[a+bsx]~n,x] /;
FreeQ[{a,b,n},x] &% NeQ[n,1] && NeQ[n,2]

Int[Erfifa_.+b_.*x_]”n_,x_Symbol] :=
Unintegrable [Erfi[a+bsx]"n,x] /;
FreeQ[{a,b,n},x] &% NeQ[n,1] && NeQ[n,2]

jEr‘f[a+bx]”dlx — ~J.Er'-F[a+bx]”d1x



Rules for integrands involving error functions

2. J(c+dx)'“Er‘f[a+bx]“dlx
1. J(c+dx)’“Er-F[a+bx] dx

Erf[b
1: j&dx

X

Basis: erfc [2z] =1-Erf[z]

Rule:

Program code:

Int[Erf[b_.+x_]/x_,x_Symbol] :=

J‘@ dx — %HypergeometricPFQ[{%, l}, {i E}, -b? xz]

2+bxx/Sqrt[Pi] xHypergeometricPFQ[{1/2,1/2},{3/2,3/2},-b"2xx"2] /;

FreeQ[b,x]

Int[Erfc[b_.*x_]/x_,x_Symbol] :=
Log[x] - Int[Erf[bxx]/x,x] /;

FreeQ[b,x]

Int[Erfi[b_.*x_]/x_,x_Symbol] :=

2xbxx/Sqrt [Pi] «HypergeometricPFQ[{1/2,1/2},{3/2,3/2},b"2xx"2] /;

FreeQ[b,x]



Rules for integrands involving error functions

2: J(c+dx)’"Er‘f[a+bx] dx when m# -1

Derivation: Integration by parts

H. . 2b
Basis: OxErf[a + b x] == NP TR
Rule: If m # -1, then
(c+dx)™Erf[a+bx] 2b (c +dx)m™?
J(c+dx)’"Er‘f[a+bx] dx — - J — dx
d (m+1) "/71- d (m+1) @(@+bx)

Program code:

Int[(c_.+d_.#x_)"m_.*Erf[a_.+b_.*x_],x_Symbol] :=

(c+dxx)~ (m+1) *Erf[a+bxx] / (d* (m+1)) -

2+b/(Sqrt[Pi] «dx (m+1) ) »Int [ (c+d+x)~ (m+1) /E® (a+bxXx)~2,X] /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1]

Int[(c_.+d_.#x_)"m_.+Erfc[a_.+b_.+x_],x_Symbol] :=

(c+d*x) A (m+1) *Erfc[a+bxx] /(d* (m+1)) +

2+b/(Sqrt[Pi] «dx (m+1) ) »Int [ (c+d+x)~ (m+1) /EA (a+bxx) ~2,X] /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1]

Int[(c_.+d_.#x_)"m_.«Erfifa_.+b_.#x_],x_Symbol] :=

(c+d*x) A (m+1) *Erfi[a+bxx] /(d* (m+1)) -

2+b/(Sqrt[Pi] «dx (m+1) ) xInt [ (c+d+x)~ (m+1) xE~ (a+bsx) 2,X] /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1]



Rules for integrands involving error functions

2. J(c+dx)mErf[a+bx]2dx

m+1
2

1: |Xx"Erf[bx]%?dx whenmez* v ez”

Derivation: Integration by parts

Basis: O, Erf [b x]2 == %bzmﬂ
Toe X

Rule:if me z* v % € Z~,then

x™1 Epf[bx]2 4b x™1 Erf[b x]
J dx

m+1 Vr (m+1)

J}ma+[bﬂ2dx-q
ebz x2

Program code:

Int[x_"m_.*Erf[b_.*x_]~2,x_Symbol] :=

X~ (m+1) +Erf [bxx]72/ (m+1) -

4xb/ (Sqrt[Pi]x (m+1) ) +Int[x” (m+1) xE* (-b 24x"2) +Erf [bxx],x] /;
FreeQ[b,x] & (IGtQ[m,0] || ILtQ[ (m+1)/2,0])

Int[x_"m_.*Erfc[b_.+x_]~2,x_Symbol| :=

X~ (m+1) xErfc [bxx] "2/ (m+l) +

4xb/(Sqrt[Pi]+ (m+1) ) +Int[x” (m+1) xEA (-b 24x"2) xErfc[bxx],x] /;
FreeQ[b,x] & (IGtQ[m,0] || ILtQ[ (m+1)/2,0])

Int[x_"m_.*Erfi[b_.+x_]~2,x_Symbol] :=

X~ (m+1) *Erfi[bxx]"2/ (m+l) -

4xb/(Sqrt[Pi] (m+1) ) *»Int[x" (m+1) +EA (b~2xx"2) xErfi[bsx],Xx] /;
FreeQ[b,x] & (IGtQ[m,@] || ILtQ[ (m+1)/2,0])



Rules for integrands involving error functions

2:J}c+deErﬂa+bﬂ2dxwmmmeZ+

Derivation: Integration by substitution
Rule: If m e z*, then

1
J(c +dx)"Erfla+bx]2dx — ?Subst[J&Er‘-F[x]2 ExpandIntegrand[(bc-ad+dx)", x] dx, x, a+ bx]
b +

Program code:

Int[(c_.+d_.#x_)"m_.+Erf[a_+b_.*x_]"2,x_Symbol]| :=
1/b”~ (m+1) »Subst [Int [ExpandIntegrand [Erf[x] 2, (bxc-axd+d+x) *m,x],x]|,x,a+bxx]| /;
FreeQ[{a,b,c,d},x] && IGtQ[m,0]

Int[(c_.+d_.#x_)"m_.xErfc[a_+b_.*x_]"2,x_Symbol] :=
1/b~ (m+1) »Subst [Int [ExpandIntegrand [Erfc[x]~2, (bxc-axd+dxx) " m,x],x],x,a+bxx] /;
FreeQ[{a,b,c,d},x] && IGtQ[m,Q]

Int[(c_.+d_.#x_)"m_.«Erfif[a_+b_.*x_]"2,x_Symbol] :=
1/b~ (m+1) »Subst [Int [ExpandIntegrand [Erfi[x]~2, (bxc-axd+dxx)"m,x],x],x,a+bxx] /;
FreeQ[{a,b,c,d},x] && IGtQ[m,0]



Rules for integrands involving error functions

U:J}c+deErﬂa+bxﬁdx

Rule:

J.(c+dx)’"Er'f[a+bx]"dlx — J.(c+dx)’"Er'f[a+bx]"dlx

Program code:

Int[(c_.+d_.#x_)"m_.*Erf[a_.+b_.*x_]"n_.,x_Symbol] :=
Unintegrable[ (c+dx) “m«Erf[a+bxx]"n,x] /;
FreeQ[{a,b,c,d,m,n},x]

Int[(c_.+d_.#x_)"m_.*Erfc[a_.+b_.#x_]~n_.,x_Symbol] :
Unintegrable[ (c+dx) *mxErfc[a+bsx] n,x] /;
FreeQ[{a,b,c,d,m,n},x]

Int[(c_.+d_.#x_)™m_.+Erfi[a_.+b_.#x_]~n_.,x_Symbol] :
Unintegrable[ (c+dx) *mxErfi[a+bsx]*n,x] /;
FreeQ[{a,b,c,d,m,n},x]

3.J€”ﬂErﬂa+bﬂ"dx
1. jec*dxz Erf[bx]" dx when d? == b*

1:JéMﬂﬂﬁwxﬂdXWMnd=-N

Derivation: Integration by substitution

Basis: If d == - b2, then e<*@** F[Erf[bx]] = %bﬂ Subst[F[x], X, Erf[bx]] OxErf[b x]

Rule: If d == —b?, then



Rules for integrands involving error functions

Vr

2 e
Je“dx Erf[bx]"dx — Subst[J.x" dx, x, Erf[b x]]

Program code:

Int[E~(c_.+d_.*x_"2) xErf[b_.*x_]”n_.,x_Symbol] :=
Erc#Sqrt[Pi]/(2xb) xSubst[Int [x"n,x],X,Erf[bxx]] /;
FreeQ[{b,c,d,n},x] && EqQ[d,-b"2]

Int[E~(c_.+d_.*x_"2) xErfc[b_.xx_]"n_.,x_Symbol] :=
-E~cxSqrt[Pi] /(2+b) #Subst[Int [x*n,x],X,Erfc[bxx]] /;
FreeQ[{b,c,d,n},x] && EqQ[d,-b"2]

Int[E~(c_.+d_.#x_"2) xErfi[b_.*x_]"n_.,x_Symbol] :=

Erc#Sqrt[Pi]/(2xb) »Subst[Int [x"n,x],X,Erfi[bxx]] /;
FreeQ[{b,c,d,n},x] && EqQ[d,b”2]

2: J-e“‘“z Erf[bx] dx when d == b2

Basis: Erfc[z] =1 - Erf[z]

Rule: If d == b2, then

e x?

c+d x? . 3 2,2
Je Erf[bx] dx — Hyper‘geometr‘lcPFQ[{l, 13, {—, 2}, b” x ]
2

7T

Program code:

Int[E~(c_.+d_.*x_"2) *Erf[b_.xx_],x_Symbol] :=
b*E"C*x"Z/Sqrt[Pi]*HypergeometricPFQ[{1,1},{3/2,2},b"2*x"2] /3
FreeQ[{b,c,d},x] && EqQ[d,b”2]

Int[E~(c_.+d_.#x_"2) *Erfc[b_.*x_],x_Symbol] :=
Int[E (c+d*x”2),X] - Int[E~(c+d»x2)+Erf[bxx],x] /;
FreeQ[{b,c,d},x] && EqQ[d,b” 2]



Rules for integrands involving error functions

Int[E~(c_.+d_.*x_"2) *Erfi[b_.+x_],x_Symbol] :=
bxE~cxx2/Sqrt [Pi] «HypergeometricPFQ[{1,1},{3/2,2},-b"2+x"2] /;
FreeQ[{b,c,d},x] && EqQ[d,-b"2]

U:J@“ﬂzhfw+bxﬁdx

Rule:

jeudxz Erfla+bx]"dx — jemdxz Erf[a+bx]"dx

Program code:

Int[E~(c_.+d_.»x_"2)*Erfla_.+b_.#x_]*n_.,x_Symbol] :=
Unintegrable [E~ (c+d#x"2) *Erf [a+bxx]"n,x] /;
FreeQ[{a,b,c,d,n},Xx]

Int[E~(c_.+d_.*x_"2)*Erfc[a_.+b_.*x_]"n_.,x_Symbol] :=
Unintegrable [E~ (c+dx"2) *Erfc[a+bxx]*n,x] /;
FreeQ[{a,b,c,d,n},Xx]

Int[E~(c_.+d_.*x_"2) *Erfi[a_.+b_.*x_]"n_.,x_Symbol] :=
Unintegrable [E” (c+dx"2) *Erfi[a+bxx]*n,x] /;
FreeQ[{a,b,c,d,n},Xx]
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Rules for integrands involving error functions

4. J(e x)"'«e"'d"2 Erf[a+bx]"dx

1.

x" e“*4%* Epf[a + bx] dx when mez
1. | x" e Erf[a + bx] dx when me z*

1: [ xewd® Erf[a + b x] dx

Derivation: Integration by parts

. 2 2
Basis: Jx etdX® gx - i ecrdx

Basis: OxErf[a + b x] == Zf—b e-32-2abx-b2x?
Tt

Rule:

Jx e Erfla+bx] dx —

Program code:

Int[x_»E~(c_.+d_.#x_"2) Erf[a_.+b_.*x_],x_Symbol] :=

E~ (c+d*Xx”2) *Erf[a+b*x]/(2*d) -

b/ (d*Sqrt[Pi]) +Int [E* (-a”2+c-2xaxbxx- (b"2-d) xx2) ,x] /;
FreeQ[{a,b,c,d},x]

Int[x_»E~(c_.+d_.#x_"2) *Erfc[a_.+b_.*x_],x_Symbol] :=
E"(c+d*x"2)*Er‘fc[a+b*x]/(2*d) +
b/ (d*Sqrt[Pi]) +Int [E* (-a*2+c-2xaxbxx- (b"2-d) #x2) ,x] /;
FreeQ[{a,b,c,d},x]

Int[x_#E~(c_.+d_.*x_"2) xErfi[a_.+b_.*x_],x_Symbol] :=

EA (c+d#x”2) *Erfi[a+bxx] /(2xd) -

b/ (d*Sqrt[Pi]) «+Int [E* (a”2+c+2xaxbxx+ (b*2+d) #x~2) ,X] /;
FreeQ[{a,b,c,d},x]

4 Epfla + b x]

b

2d

i dVr

Je-a2+c-2 abx-(b*-d) X dx

11



Rules for integrands involving error functions

2: | xmeerdx? Erf[a+bx] dx whenm-1ez*

Derivation: Integration by parts
H. c+d x? 1 _c+dx?
Basis: [x e dx = 5 e

Basis: Oy (X" 1 Erfla+bx]) = Zr—b xM-1 g-a*-2abx-b?x* .y 1) x"2Epf[a + b x]
JT
Rule:lf m-1 e z*, then

Jx“‘ e Erfla +bx] dX —

-1 +d x?
X" et Erf[a+bx] _ b jxm—l e—az+c—2abx—(b1—d) x2 dx - m-1 Jxm—z ec+dx2 Erfla+bx] dx

2d dVr 2d

Program code:

Int[x_~m_«E~(c_.+d_.*x_"2) «Erf[a_.+b_.*x_],x_Symbol] :=
XA (m-1) +E~ (c+d#x"2) *Erf [a+bxx]/ (2+d) -
b/ (d*Sqrt[Pi]) +Int [x” (m-1) «EA (-a”2+c-2xaxbxx- (b"2-d) *x*2) ,X] -
(m-1) / (2#d) *Int [x* (m-2) xE~ (c+d*x2) Erf [a+bxx],x] /;
FreeQ[{a,b,c,d},x] && IGtQ[m,1]

Int[x_~m_«E~(c_.+d_.*x_"2)«Erfc[a_.+b_.*x_],x_Symbol] :=
X" (m-1) *E~ (c+d*x”2) *Erfc [a+b*x]/(2*d) +
b/(d*Sqrt[Pi])*Int[x"(m—l)*E"(—a"2+c—2*a*b*x—(b"2—d)*x"2),x] =
(m-1) / (2#d) *Int [x" (m-2) xE~ (C+d%x"2) xErfc[a+b*x],Xx]| /;
FreeQ[{a,b,c,d},x] && IGtQ[m,1]

Int[x_~m_sE~(c_.+d_.*x_"2)«Erfi[a_.+b_.*x_],x_Symbol] :=
X~ (m-1) E” (c+d#x"2) *Erfi[a+bxx] /(2+d) -
b/ (d*Sqrt[Pi]) +Int[x” (m-1) «EA (a”2+C+2%axbxx+ (b*2+d) #x72) ,X] -
(m-1) / (2%d) *Int [x" (m-2) *E~ (c+d*x”"2) xErfi[a+bxX] ,x] /5
FreeQ[{a,b,c,d},x] && IGtQ[m,1]
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Rules for integrands involving error functions

2. Jx’“ e Erfla+bx] dx when me z-

4% Epf b x]
1: J— dx when d == b?
X

Basis: Erfc[z] =1 - Erf[z]

Rule: If d == b2, then

9% Epf[b x] 2befx
J— dx —

HypergeometricPFQ [ {%, 1}, {

X 7

Program code:

Int[E~(c_.+d_.*x_"2) xErf[b_.*x_]/x_,x_Symbol] :=
2+bxE~cxx/Sqrt [Pi] HypergeometricPFQ[{1/2,1},{3/2,3/2},b"2xx"2] /;
FreeQ[{b,c,d},x] &% EqQ[d,b” 2]

Int[E~(c_.+d_.*x_"2) +Erfc[b_.*x_]/x_,x_Symbol] :=

Int[E~ (c+d*x”2) /X,X] - Int[E”(c+d#x 2) *Erf[bsx]/x,x] /;
FreeQ[{b,c,d},x] &% EqQ[d,b” 2]
Int[E~(c_.+d_.*x_"2)+Erfi[b_.*x_]/x_,x_Symbol] :=

2*b*E"c*x/Sqrt[P:i.]*Hypergeometr‘icPFQ[{1/2,1},{3/2,3/2},—b"2*x"2] /3
FreeQ[{b,c,d},x] && EqQ[d,-b"2]

2: [x"e Erfla+bx] dx whenm+1ez"

Derivation: Inverted integration by parts

Rule:lf m+1 € 2, then

Jx'“ e Erfla+bx] dx —

3
2

13



Rules for integrands involving error functions

m+l _c+d x?
x™1 e Erf[a + b x] ~atrc-2abx-(b-d) & gy 2d

Zb J‘m+1
- X e
m+1 (m+1)4/7‘, m+1

Jxm*z ecrdx Erf[a + bx] dx

Program code:

Int[x_~m_+E~(c_.+d_.*x_"2) *Erf[a_.+b_.*x_],x_Symbol] :=
X~ (m+1) *E” (c+d*x”2) *Er‘f[a+b*x]/(m+1) -
2xb/((m+1) xSqrt [Pi]) +Int [x” (m+1) +EA (-a”2+C-2+axbsx- (b72-d) #x"2) ,X] -
2xd/ (m+1) #Int[x" (m+2) #EA (C+d#x 2) #Erf [a+bsx],X] /;

FreeQ[{a,b,c,d},x] && ILtQ[m,-1]

Int[x_~m_+E~(c_.+d_.*x_"2) xErfc[a_.+b_.+x_],x_Symbol] :=
X" (m+1) *E” (c+d*xx"2) xErfc [a+b*x]/(m+1) +
2+b/((m+1) xSqrt [Pi]) »Int [x~ (m+1) xE~ (-a"2+C-2+axbsx- (b*2-d) #x"2) ,X] -
2xd/ (m+1) *Int [X" (M+2) xE~ (C+d%x2) xErfc[a+bsx],Xx]| /;
FreeQ[{a,b,c,d},x] && ILtQ[m,-1]

Int[x_~m_*E~(c_.+d_.*x_"2) «Erfi[a_.+b_.+x_],x_Symbol] :=
X~ (m+1) *E” (c+d*x”2) *Er‘fi[a+b*x]/(m+1) -
2xb/((m+1) xSqrt [Pi]) »Int [x” (m+1) +E” (a72+C+2xaxbxx+ (b 2+d) #x2) ,X] -
2xd/ (m+1) #Int X (M+2) *EA (C+dx"2) xErfi[a+bxx],x] /;
FreeQ[{a,b,c,d},x] && ILtQ[m,-1]

U: j(e x)" ecdx’ Erf[a+bx]"dx

Rule:

J}emme““ZHfD+bXde—a\[wxﬂe““szM+bXde

Program code:

Int[(e_.»x_)"m_.*E~(c_.+d_.*x_"2)«Erf[a_.+b_.*x_]"n_.,x_Symbol] :=
Unintegrable[ (exx) “m#E~ (c+d#x"2) xErf[a+bsx]"n,x] /;
FreeQ[{a,b,c,d,e,m,n},x]

14



Rules for integrands involving error functions

Int[ (e_.*x_)"m_.*E~(c_.+d_.*x_"2)*Erfc[a_.+b_.*x_]"n_.,x_Symbol] :

Unintegrable[ (exx) “m«E~ (c+d#x"2) xErfc[a+bxx]”n,x] /;
FreeQ[{a,b,c,d,e,m,n},x]

Int[ (e_.*x_)"™m_.*E~(c_.+d_.*x_"2)*Erfi[a_.+b_.*x_]"n_.,x_Symbol] :

Unintegrable[ (exx) “m«E~ (c+d#x"2) xErfi[a+bxx]”n,x] /;
FreeQ[{a,b,c,d,e,m,n},x]

5. J.u Erf[d (a+bLog[cx"])] ax

1: Jkrf[d(a-+bLog[cx"])]dx

Derivation: Integration by parts

Basis: OxErf[d (a+bLog[cx"])] = erjfgff,[‘ogﬁw
 Rule:
JEr‘f[d (a+bLlog[cx"])] dx — xErf[d (a+bLog[cx"])] - Zj/);n Je(d (a+b:g[cx"]))2 dx

Program code:

Int[Erf[d_.*(a_.+b_.xLog[c_.*x_"n_.])1,x_Symbol] :=
x*Erf[dx (a+bxLog[c*x"n])] - 2xbxdxn/(Sqrt[Pi])*Int[1/E" (d* (a+bxLog[c*x"n]))"2,x] /;
FreeQ[{a,b,c,d,n},x]

Int[Erfc[d_.x(a_.+b_.xLog[c_.#x_"n_.])],x_Symbol] :=
x*Erfc[d* (a+bxLog[c*x*n])] + 2*b*d*n/(Sqrt[Pi])*Int[1/EA(d*(a+b*Log[c*xAn]))A2,x] /8
FreeQ[{a,b,c,d,n},x]

Int[Erfi[d_.«(a_.+b_.xLog[c_.+x_"n_.])],x_Symbol] :=
x+Erfi[d« (a+bxLog[cxx n])] - 2xbxdxn/(Sqrt[Pi])+Int[E~ (dx (a+bxLog[c*x*n]))"2,X] /;
FreeQ[{a,b,c,d,n},x]
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Rules for integrands involving error functions

dx

" J-Er'f[d (a+bLog[cx"])]

X

Derivation: Integration by substitution

Basis: FlLeal<xtl —- L subst [F[x], X, Log[c x"]] OxLog[c x"]
" Rule:
JEPf[d (a+bLog[cx"])] dx — ESubst[Er‘w‘:[d (@a+bx)1, x, Log[cx"]]
X n

Program code:

Int[F_[d_.*x(a_.+b_.xLog[c_.*x_"n_.]1)1/x_,x_Symbol] :=
1/n%Subst [F[d* (a+b*x) ],Xx,Log[c*x*n]] /;
FreeQ[{a,b,c,d,n},x] && MemberQ[{Erf,Erfc,Erfi},F]
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Rules for integrands involving error functions

3: J(ex)'“Er‘f[d (a+blog[cx"])] dx when m# -1

Derivation: Integration by parts

Basis: OxErf[d (a+bLog[cx"])] == NS ,f‘bdb“g
7T X eld(as Log[cx"]))

Rule: If m # -1, then

(ex)™ Erf[d (a+blog[cx'])]  2bdn [ 0" 4
X
eld(

~J.(ex)’"EH:[d (a+blLog[cx"])] dx — -
e(m+1) \/;(m+1)

a+bLog[cx"]))?

Program code:

Int[(e_.*x_)" m_.+Erf[d_.*(a_.+b_.xLog[c_.*x_"n_.])],x_Symbol] :=
(exx)~ (m+1) *xErf[d* (a+bxLog[c*x”n]) ]/(e* (m+1)) -
2xbxd+n/(Sqrt [Pi]* (m+1) ) #Int[ (exx)~m/E~ (d* (a+bxLog[c*x n]))"2,x] /;
FreeQ[{a,b,c,d,e,m,n},x] & NeQ[m,-1]

Int[(e_.*x_)"m_.+Erfc[d_.«(a_.+b_.xLog[c_.#x_"n_.])],x_Symbol] :=
(exx)~ (m+1) *xErfc[dx (a+bxLog[c*xx”~n]) ]/(e* (m+1)) +
2*b*d*n/(5qrt[Pi]*(m+1))*Int[(e*x)Am/EA(d*(a+b*Log[c*xAn]))Az,x] /3

FreeQ[{a,b,c,d,e,m,n},x] & & NeQ[m,-1]

Int[(e_.*x_)"m_.+Erfi[d_.x(a_.+b_.xLog[c_.#x_"n_.])],x_Symbol] :=
(exx)~ (m+1) xErfi[dx (a+bxLog[cxx*n]) ]/(e* (m+1)) -
2xbxdxn/(Sqrt[Pi] » (m+1) ) xInt[ (exx) "m+E~ (dx (a+bxLog[cxx"n]))~2,X] /;

FreeQ[{a,b,c,d,e,m,n},x] & & NeQ[m,-1]



Rules for integrands involving error functions

6: fsin[c +dx*] Erf[bx] dx when d? == -b*

Derivation: Algebraic expansion

Basis: Sin[c+dx?] = ljeidcidd 1 gicridd
2 2

Rule: If d? == —b?, then

i L i e 2
Jsin[c+dx2] Erf[bx] dx — —Je’“"‘dx Erf[bx] dx - —Je“”dx Erf[bx] dx
2 2

Program code:

Int[Sin[c_.+d_.+x_"2]+Erf[b_.xx_],x_Symbol] :=
I/2+Int[E~ (-Ixc-Ixd#x"2) xErf[bsx],x]| - I/2xInt[E~(Ixc+Ixd#x"2)+Erf[bsx],x]| /;
FreeQ[{b,c,d},x] && EqQ[d"2,-b"4]

Int[Sin[c_.+d_.*x_"2]*Erfc[b_.*x_],x_Symbol] :=
I/2+Int[E~ (-Ixc-Ixd#x"2) xErfc[bxx],x] - I/2+Int[E”(Ixc+Ixd*x2)+Erfc[bxx],x] /;
FreeQ[{b,c,d},x] &% EqQ[d"2,-b"4]

Int[Sin[c_.+d_.*x_"2]*Erfi[b_.*x_],x_Symbol] :=
I/2+Int[E~ (-Ixc-Ixd#x"2) «Erfi[bxx],x] - I/2+Int[E”(Ixc+Ixd*x2)+Erfi[bsx],x] /;
FreeQ[{b,c,d},x] && EqQ[d"2,-b"4]

Int[Cos[c_.+d_.*x_"2]+Erf[b_.*x_],x_Symbol] :=
1/2%Int [E~ (-Ixc-Ixd#x"2) xErf[bsx],x]| + 1/2xInt[E~ (Ixc+Ixd#x"2)Erf[bsx],x]| /;
FreeQ[{b,c,d},x] && EqQ[d"2,-b"4]

Int[Cos[c_.+d_.*x_"2]*Erfc[b_.*x_],x_Symbol] :=
1/2+Int [E~ (-Ixc-Ixd#x"2) xErfc[bxx],x] + 1/2+Int[E” (Ixc+Ixd»x2)+Erfc[bxx],x] /;
FreeQ[{b,c,d},x] &% EqQ[d"2,-b"4]



Rules for integrands involving error functions
Int[Cos[c_.+d_.*x_~2]*Erfi[b_.*x_],x_Symbol] :=

1/2%Int [E~ (-Ixc-Ixd#x"2) xErfi[bxx],x] + 1/2+Int[E” (I*xc+Ixdxx2)+Erfi[bxx],x] /;
FreeQ[{b,c,d},x] & EqQ[d"2,-b"4]

7: J.Sinh [c +dx] Erf[bx] dx when d? == b*

Derivation: Algebraic expansion
Basis: sinh [c+dX?] = % X _ %e‘c'd Xt

Rule: If d? == b%, then

. 2 1 d x? 1 dx?
JSlnh[c+dx ] Erflbx] dx — —Je“ * Erf[bx] dx - —je'c‘ * Erf[bx] dx
2 2

Program code:

Int[Sinh[c_.+d_.*x_"2]+Erf[b_.*x_],x_Symbol] :=
1/2+Int [E~ (c+d*x~2) xErf[bxx],x] - 1/2+Int[E”(-c-d*x"2) «Erf[bxx1,x]| /;
FreeQ[{b,c,d},x] && EqQ[d"2,b"4]

Int[Sinh[c_.+d_.xx_"2]+Erfc[b_.+x_],x_Symbol] :=
1/2+Int [E~ (c+d*x"2) xErfc[bsx],x]| - 1/2+Int[E~(-c-dxx2) +Erfc[bsx],x]| /;
FreeQ[{b,c,d},x] && EqQ[d"2,b"4]

Int[Sinh[c_.+d_.*x_"2]+Erfi[b_.#x_],x_Symbol] :=
1/2+Int [E~ (c+d*x"2) »Erfi[b#x],x| - 1/2+Int[E~(-c-d%x2)+Erfi[b+x],x]| /;
FreeQ[{b,c,d},x] &% EqQ[d*2,b"4]

Int[Cosh[c_.+d_.xx_"2]+Erf[b_.*x_],x_Symbol] :=
1/2+Int [E~ (c+d#x"2) xErf[bxx],x] + 1/2xInt[E"(-c-d»x"2) «Erf[bxx],x]| /;
FreeQ[{b,c,d},x] && EqQ[d"2,b"4]
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Rules for integrands involving error functions

Int[Cosh[c_.+d_.xx_"2]+Erfc[b_.+x_],x_Symbol] :=
1/2%Int [E~ (c+d*x"2) xErfc[bxx],x| + 1/2+Int[E~(-c-d»x2) *Erfc[bsx],x]| /;
FreeQ[{b,c,d},x] && EqQ[d*2,b”4]

Int[Cosh[c_.+d_.xx_"2]*Erfi[b_.+x_],x_Symbol] :=
1/2%Int [E~ (C+d%x"2) xErfi[bsx],x]| + 1/2+Int[E~(-c-d*x2) +Erfi[bsx],x]| /;
FreeQ[{b,c,d},x] && EqQ[d"2,b"4]

Rules for integrands involving special functions

1: JF[-F (a+blog[c (d+ex)"])] dx when F e {Erf, Erfc, Erfi, FresnelS, FresnelC, ExpIntegralEi, SinIntegral, CosIntegral, SinhIntegral, CoshIntegral}

Derivation: Integration by substitution

Rule:If F € {Erf, Erfc, Erfi, FresnelS, Fresnel(C, , then
ExpIntegralEi, SinIntegral, CosIntegral, SinhIntegral, CoshIntegral}

JF[f (a+blog[c (d+ex)"])] dx — ESubst[J.F[-F (a+blLog[cx"])] dx, x, d+ex]

Program code:

Int[F_[f_.#(a_.+b_.xLog[c_.*(d_+e_.#x_)*n_.])],x_Symbol] :=
1/exSubst[Int[F[f« (a+bxLog[c*x”n])],x],x,d+exx] /;
FreeQ[{a,b,c,d,e,f,n},x] & MemberQ[{Erf,Erfc,Erfi,Fresnels,FresnelC,ExpIntegralEi,SinIntegral,CosIntegral,SinhIntegral,CoshIntegral},F|
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Rules for integrands involving error functions

2: f(g+hx)'“F[f (a+blLog[c (d+ex)"])] dx when

eg-dh=0 A Fe {Er-F, Erfc, Erfi, FresnelS, FresnelC, ExpIntegralEi, SinIntegral, CosIntegral, SinhIntegral, CoshIntegral}

Derivation: Integration by substitution

Basis:If eg-dh ==0,then (g+hXx)"F[d+ex] = %Subst[ (gdl)mF[x], X, d+ex| oy (d+ex)

Rule:If eg-dh =0 A F € {Erf, Erfc, Erfi, FresnelS, Fresnel(C, , then
ExpIntegralEi, SinIntegral, CosIntegral, SinhIntegral, CoshIntegral}

J(g+hx)“‘F[f (a+blog[c (d+ex)"])] dx — lSubst[j(gd—x)mF[F (a+blLog[cx"])] dx, x, d+ex]
e

Program code:

Int[(g_+h_.x_)*m_.xF_[f_.%(a_.+b_.xLog[c_.*(d_+e_.#x_)~n_.])],x_Symbol] :=
1/exSubst[Int[ (g*x/d) *mxF[f+ (a+bxLog[cxx"n])],x],x,d+exx] /;
FreeQ[{a,b,c,d,e,f,g,m,n},x] && EqQ[exf-dxg,0] &&
MemberQ[ {Erf,Erfc,Erfi,FresnelS,FresnelC,ExpIntegralEi,SinIntegral,CosIntegral,SinhIntegral,CoshIntegral},F|
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